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Introduction
The discovery of instantons [1] first opened a way to investigate non perturbative effects in QCD [2] .
Multi instanton-antiinstanton configurations are not solutions of the equations of motion: they are approximate solutions in the limit in which their average distances are large compared to their average size (dilute gas regime).
The early approaches to instanton physics [3] were based on the assumption that QCD dynamics would choose such a regime, thus providing a key to non perturbative effects in hadron physics. It was rapidly realized, however, that this was not the case. Instantons do overlap and interact in the QCD vacuum, and are more like a liquid than as a rarefied gas [2] . It was also understood, however, that instantons are relevant configurations, especially in connection with chiral symmetry. For this reason models were developed to describe multiinstanton configurations [4, 5, 2] and their probability distribution (instanton ensembles). Usually these models are tested by their predictions for different physical quantities, or by comparison to lattice configurations.
Lattice configurations can be polished of the quantum fluctuations by cooling techniques, and their semiclassical background can be exposed [6, 7] . Improved techniques allow to reduce deformations of the instantons during the cooling process [8] .
Different model ensembles put emphasis on different physical aspects. They can look equally good for a number of predictions, differ in others, and it is not easy to discriminate between them. It would be useful to identify a number of observables which can be determined, e.g. on the lattice and on model ensembles, and which can provide a test of model ensembles. This paper is a contribution in that direction. We suggest a number of observables, which can be sensitive to correlations at different distances or to size distribution of the instantons.
We will make use of two basic ingredients (i) Instantons are SU (2) configurations.
(ii) The gauge field of an (anti)instanton is (anti)self dual, or
E a , B a are the a-th colour component of the chromoelectric and chromomagnetic fields. In sect.2 we shall elaborate on some consequences of the property (i) above, in sect.3 on some consequences of the property (ii).
Sect.4 will contain some concluding remarks.
2 Instantons as SU (2) configurations.
The fact that instantons, as configurations belonging to an SU (2) subgroup of colour SU (3), have specific symmetry properties, was exploited in ref [9] to derive selection rules in physical processes. We first discuss how the SU (2) nature of a configuration can be detected. For the sake of definiteness we will have in mind lattice configurations, and hence parallel transports, i.e. elements of the gauge group. It is immediate to translate the discussion in the language of the elements of the Lie algebra, like the gauge fields in the continuum.
Let U be any element of the gauge group in the fundamental representation, which can be a link or any parallel transporter. A parallel transport along a closed path, in particular, has gauge invariant trace.
U can be diagonalized by a unitary transformation, obtaining
One of the elements is fixed in terms of the other two by the condition that det U D = det U = 1. From eq. (2) we have
The necessary and sufficient condition for U to be an element of SU (2) is that one of the diagonal elements of U D , eq. (2) is equal to 1, or that either α, or β, or (α + β) vanishes. This is also the necessary and sufficient condition for TrU to be real
If U is a parallel transporter inside a classical instanton configuration eq. (4) is satisfied. Quantum fluctuations will in general spoil this property, and the same will do the overlapping of different instantons.
If U is a link on the lattice, the measure dU of the Feynman path integral induces a distribution of values in the complex plane Re[T r(U )], Im[T r(U )]. Let us define polar coordinates ρ, θ in that plane
Then the allowed region in defined by the condition
and is the region inside the curved triangle in fig.1 .
At β = 0 the Feynman path integral
reduces to
and the trace of any parallel transport is distributed according to eq.(6).
At finite β the distribution will be different, it will in general depend on the path which identifies U , and will be non zero out of the real axis in the allowed region of fig.(1) .
If the configuration is cooled and one single instanton or a very dilute gas of instantons is left, then eq.(4) will be valid and the distribution in the complex plane of fig.1 will shrink to a thin line along the real axis, at least for paths of the parallel transporter U with size smaller than the average size of instantons. For paths comparable or larger than the size a non zero immaginary part is allowed.
A systematic study with paths of different size could then give information on the distribution of instanton sizes. If the gas is not dilute the distribution along the imaginary axis will shrink by cooling, but will not go to zero.
Preliminary exploration on the lattice of the effect of cooling show that instantons strongly overlap [10] .
If U is taken to be a plaquette, then at high β values of U will be most probably be near to the unit matrix, i.e. it will be ρ ≃ 3, which is the vertex on the right of fig.1 , and the density of action will be approximately
In This effect has been observed [10] . The transport around a bigger loop than a plaquette, (e.g. 2 × 2 plaquette) should show a similar distribution. Again when the size of the loop becomes larger than the size of the instanton the effect should disappear.
More generally a systematic study of the distribution with respect to Im[T r(U )], for different choices of U , on ensembles and on lattice can provide information on the size distribution and on the distribution in space time of instantons.
Self duality.
Consider the quantity Q = G µν G * µν (9) with
2 ε µνρσ G ρσ , and T a the generators in the fundamental representation. On a classical configuration
In general
For a self dual configuration, by use of eq.(1) the term in f vanishes. If in addition the configuration is SU (2) also the term in d vanishes and
i.e. Q is a singlet, proportional to the topological charge density. In general
The imaginary part of Q c reflects the deviations from self duality, the real part the deviations from SU (2). On an instanton configuration, or on a dilute gas, they are separately zero, site by site.
On the lattice the operator
with
is a covariant operator and transforms as an octet. In the continuum limit it is proportional to the operator Q. 
is rigoroursly zero on single instantons or dilute gas. On cooled configurations it can explore the overlap of instantons and antiinstantons at small distances. Other correlators can be constructed on the same lines. They should however be tested on ensembles to fully understand their significance.
Concluding remarks.
Identifying and studying a number of observables which can provide information on the distribution and interaction of the background instantons in QCD is a theoretically relevant program. The idea of this paper is to use the two specific properties of instantons, their SU (2) nature and self duality as a key in this research.
We have made a few suggestions which can be developed in many directions, by inventing new operators. Further work of checks and of comparison with numerical data is needed, but we think that exploiting the above properties of instanton is the correct strategy.
